Semi-Lagrangian schemes have proven to be very efficient to model advection problems. However most semi-Lagrangian schemes are not conservative. Here, a systematic method is introduced in order to enforce the conservative property on a semi-Lagrangian advection scheme. This method is shown to generate conservative schemes with the same linear stability range and the same order of accuracy as the initial advection scheme from which they are derived. We used a criterion based on the column-balance property of the schemes to assess their conservativity property. We show that this approach can be used with large CFL numbers and third order schemes.
INTRODUCTION
Semi-Lagrangian methods have been demonstrated to be efficient schemes to model advection dominated problems. These methods are intensively used to solve atmospheric and weather problems [18, 22] , internal geophysics problems [8] or plasma simulations [1, 6, 21] . However, when conservative properties are sought, the method of discretisation usually relies on a finite volume discretisation. Conservativity is then ensured by canceling fluxes, defined on the computational cell boundaries [15, 9] .
Semi-Lagrangian methods, on the contrary, are in general not conservative. Some earlier work have tried to address this issue and derive a conservative semi-Lagrangian scheme. For example, [14, 26] introduced a modified version of a non-conservative semi-Lagrangian scheme [23] to enforce conservativity. Their approach provides a conservative formulation at the cost of introducing a scheme in which the coefficients depends on the values of the advected field. An alternative strategy which uses a semi-Lagrangian reconstruction to estimate fluxes on the faces, was introduced by [6] in the finite volume spirit to model the Vlasov equation. This strategy was adapted to compressible flow in [17] . In both of the above approaches, the formulations are well adapted to onedimensional problems, their generalizations to higher spatial dimensions without using a splitting strategy is challenging.
A general method to enforce conservativity on a semi-Lagrangian scheme was introduced in Lentine et al. [13] . Noting that the contribution of a given cell to the update in time of the total field does not add up to unity, they introduced an ad hoc modification of the coefficients which allows to ensure conservativity at the cost of reducing the order of the scheme.
We propose a systematic method to enforce conservativity on a numerical scheme. Our method, follows ideas introduced in the method of support operators developed by Shashkov [19] , or the summation by part method of Carpenter et al. [3, 10] . It can easily be applied to semi-Lagrangian schemes. A close equivalence can be found with the flux interpretation in the sense of finite volume schemes. Let us start by considering the continuity equation, for a quantity Φ subject to a velocity field u
where C(u) denotes the continuity operator. If the flow is incompressible, ∇ · u = 0, the continuity equation reduces to the advection equation:
where D(u) denotes the advection operator. Instead of considering eq. (2) as a simplified version of eq. (1), under the solenoidal constraint, the two equations can be viewed as two independent equations. Introducing the canonical scalar product of two continuous fields Ψ and Φ, (Ψ , Φ) = ΨΦ dτ , the continuity and advection operators are then adjoint operator up to a change of the velocity sign:
If the boundary term vanishes, the operators follow:
Such relations have been intensively used in the support operator formalism [19] . Introducing the ⋆ to denote the adjoint operator, we get:
. This adjoint property can be used to enforce conservativity on an arbitrary advection scheme.
COLUMN-BALANCE CRITERION & ADJOINT OPERATOR
Using a linear finite difference scheme explicit on time, the advection equation is given by:
where D i,j denotes the discrete linear operator associated to eq. (2). For the discrete operator to be homogeneous, the coefficients D i,j must only depend on the reduced
In a similar way, finite difference schemes modeling the continuity equation eq. (1) can be written as
where C i,j denotes the conservative transport matrix. The evolution of the total mass, M , is then given by
It follows that the scheme is conservative if and only if the C i,j operator is column-balanced, i.e. for all i, j C j,i = 0 . In order to link this formalism to finite volume schemes, the column-balanced conservative matrix can be compared to the flux method. On a regular Cartesian grid, flux are defined at the boundary between two vertices. The equation modeling the flux methods is:
denotes the values of field Φ at the index i and F i+1/2 the flux of field Φ computed at index i + 1/2. Choosing F i+1/2 = C i+1,i Φ i − C i,i+1 Φ i+1 , both methods are strictly equivalent.
The adjoint relation will now be used to show how a generic advection scheme can be modified to enforce the conservativity property. Once the problem is discrete, the adjoint property leads to:
It is a property of the transpose that C(U ) and D(−U ) have the same eigenvalues. Both operators are thus stable for the same set of parameters. They also imply that the error of the C(U ) scheme is the transpose of the error of the D(−U ) scheme, therefore the two operators have the same consistency order. In addition, if D(−U ) is monotone, C(U ) is also monotone. Using the Lax-Richtmyer equivalence theorem [12] , the consistent and stable C(U ) scheme converges to the continuity equation.
The above remarks do not ensure that the C(U ) scheme conserves the total mass. However, assuming that the advective scheme is strictly consistent, i.e. ∀i , j D i,j (−U ) = 0, it follows that ∀j, i C i,j (U ) = 0. The C i,j (U ) operator is thus column-balance and conserves the total mass. It is important to stress that we only introduce a modification of the spatial operator. The conservative property of C i,j (U ) will thus be valid both for multi-step and multi-stage timestepping. Consider for example, a Crank-Nicholson time-stepping scheme [5, 8] , the fields at each time steps are related via
where δ i,j denotes the Kronecker delta (δ i,j = 1 if i = j and δ i,j = 0 if i = j). The Crank-Nicholson advection operator (CN ) can be rewritten
The corresponding conservative operator (CCN ) is then
CONSERVATIVE SEMI-LAGRANGIAN SCHEME IN ONE DIMENSION
Let us now turn to semi-Lagrangian schemes. The conservative method can be used to generate conservative scheme from a semi-Lagrangian algorithm. In one dimension, the CIR scheme [4] , which is equivalent to the upwind scheme, will be used to show how a conservative CIR (CCIR) scheme can be built. The resulting CCIR scheme will then be tested on a simple numerical simulation. In order to be stable, advection algorithm must transport information in the direction of the flow. The CIR scheme satisfies this condition by adapting its stencil according to the direction of the velocity following the characteristic. For advection equation in one dimension (e.g. [24] ), the CIR scheme is:
with
To leading order, this scheme yields the diffusive error term
The scheme is consistent with the advection equation, but it is not conservative. The conservative counterpart of the CIR scheme, can be built by changing the sign of the velocity and transposing the CIR i,j matrix. The expression of the CCIR scheme is:
The CCIR scheme is conservative because it is column-balanced by construction. Similarly to the CIR scheme, the CCIR scheme has a diffusive error. As expected, the CCIR error term is the adjoint of the CIR error term:
The CCIR scheme was tested using a velocity profile u(t; x) = sin(2πx) and a uniform passive scalar Φ(t = 0; x) = 1. It conserved the total mass, M/M 0 , near unity up to machine precision. This is not the case of the CIR scheme for varying velocities:
In the same manner, the second order (dispersive) Lax-Wendroff scheme (LW ), which takes the form:
can be transformed to a conservative LW scheme (CLW ), of the form,
In the same way, the third order (hyperdiffusive) semi-Lagrangian Dahlquist and Bjrck scheme (DB) (e.g. [8, 7] ):
has the following conservative counterpart (CDB):
These schemes are compared in figs. 1-3. First, we consider the evolution of the total mass in a simple test case of a periodic flow of the form u = sin(x) with a constant initial distribution of mass Φ(t = 0; x) = 1. This is illustrated in fig. 1 . The conservative property of the CCIR, CLW and CDB schemes is highlighted by the plot of the total mass which remains constant equal to its initial value. Fig. 2 shows standard tests of advection in a periodic domain of a Heaviside, piecewise affine and cosine functions. The diffusive or dispersive behavior generated by the order error term are confirmed. The order can be quantified with more details by considering the error on the amplitude and the phase of the cosine profile (e.g. [2] ). Fig. 3 illustrates that the order of the original scheme is maintained for its conservative counterpart.
In order to generalize theses scheme to CFL numbers greater than unity, the interpolation point has to be shifted by a integer number of grid spaces, using
For example, the conservative CIR scheme then becomes
Similar expressions follow for the other schemes. The density profiles of the simulation using CFL number above unity, are presented in fig.4 in the case of an initial cosine profile. Graphes from left to right correspond to 1, 10 and 100 periods of the flow respectively. fig. 2 at time t = 5. The nature of the leading order error term (diffusive or dispersive) is clearly highlighted. 
EXTENSION IN HIGHER DIMENSIONS
The standard reconstruction used with the CIR scheme is a bilinear reconstruction. It takes the form:
where
The above stencil can be interpreted using the geometric construction presented in fig. 5(a) . SemiLagrangian schemes require to reconstruct the field at the backward advected points x i,j − u i,j ∆t . Considering a CFL number smaller than unity, the reconstruction point necessarily lies in one of the cells surrounding x i,j . This point naturally splits the cell in four parts. The weight of each node in the bilinear interpolation eq. (18) corresponds to the ratio of the surface of the rectangle opposite to this node normalised by to the total surface of the computational cell. This graphical interpretation of eq. (18) is illustrated on fig. 5 .a the backward displacement −u i,j ∆t being indicated with a dashed line.
Let us now turn to the conservative scheme, the two-dimensional version of the CCIR scheme can be expressed as: It is enlighting to interpret this formula geometrically. The weights now correspond to the forward displacement u i,j ∆t, indicated with a solid line on fig. 5 .b. Again the weight of each term is given by the relative surface of the rectangle opposite to the advected vertex, normalized by to the total surface of the computational cell. The key distinction is however that the computed weight corresponds to the contribution of Φ i,j to the time evolution of its neighbors. This contrasts with the CIR scheme, for which the computed weights correspond to the contribution of each neighbor to the evolution of Φ i,j . In fig. 5 , mass conservation appears as a direct consequence of the fact that the sum of each subrectangle amounts to the total cell as highlighted by expression (19) . Let us stress that this approach results in a conservative non-split semi-Lagrangian formulation.
A few observations can be made on this stencil. First, this rather simple geometric interpretation can be generalized to higher dimensions. Second, the two-dimensional CCIR stencil of eq. (19) is identical to the split formula corresponding to the composition of two one-dimensional CCIR stencils, CCIR xy = CCIR x • CCIR y = CCIR y • CCIR x . Such is not the case for the CIR stencil. This commuting property can be used to generalize the higher-order conservative schemes from section 3 to higher dimensions of space.
To illustrate the conservative property of the CCIR scheme in two dimensions of space, it was tested using an incompressible velocity profile of the form u(t; x, y) = − sin(πx) cos(2πy), v(t; x, y) = cos(πx) sin(2πy). The initial passive scalar field takes the form of a uniform patch Φ(t = 0; x, y) = 1 if |x − 0.5| ≤ 0.15 and |y − 0.3| ≤ 0.15 , and 0 elsewhere (see fig. 6 .a).
Since the flow is incompressible, the advection and continuity equation are equivalent. We thus compare the three schemes discussed in section 3 and their conservative counterpart. In fig. 6b , the evolution of relative total mass of the CIR, LW and DB schemes is represented. As expected, the conservative schemes have a relative mass equal to unity, up to machine precision for the same set of parameters.
In fig. 7 , color-plots of the density profile are given for all schemes at t = 10. The evolution of mass in the plan of symmetry is different for all schemes. The accumulation of mass near the stagnation point is clearly visible with the conservative schemes of odd orders, see figs. 7(d) and 7(f). Dispersive effects in fig. 7(e) , which do not vanish in the symmetry plane, are still too strong to allow for this feature to emerge.
The explicit scheme introduced in eq. (19) corresponds to a first order time integration. We should stress however that the modified reconstruction strategy introduced to enforced conservativity only concerns the spatial operator. The conservative property is thus retrained for higher order or multilevel time-stepping algorithms as shown in eqs. (5) and (6) .
In fig. 8 , convergence effects can clearly be identified by comparing results obtained with the CCIR scheme (conservative, first order) with a fine grid (1024 2 ), to the ones obtained with a coarser grid (128 2 ) or with the CDB scheme (conservative, third order). At low resolution, owing to the effects of the numerical diffusion, the density on fig. 8 (a) appears to be spread across (a) (b) (c)
(g) (h) (i) Figure 7 . A comparison of the non-conservative scheme at CFL= 0.8 (a,b,c) with the conservative scheme at CFL= 0.8 (d,e,f) and at CFL= 1.6 (g,h,i). The simulation were carried out at a resolution of 128 2 for an integration time of t = 10.
three independent lobes. Increasing the resolution, or using a higher-order scheme, reveals the fine filaments of mass connecting these lobes. (a) (b) (c) Figure 9 . Convergence study for the first order conservative CCIR at CFL= Varying the resolution, the convergence of the density profile is tested for the conservative diffusive monotone CCIR scheme at CFL= 1.6 in fig. 9 . As the resolution increases at constant CFL, the numeric error decreases and the density profile becomes closer to the analytic solution. At high resolution, the grid is finer, the simulation is therefore more precise and catches the details of the structure near the symmetry axis.
At a resolution of 256 2 , the CCIR is able to got accurately the profile for CFL number above unity. Fig. 10 shows the profile computed for CFL up to 8. Comparing the profiles on figs. 9 and 10 with the profile of the 1024 2 resolution simulation at CFL= 0.8 of fig. 8(b) , the conservative schemes are able to model the flow for CFL> 1 with great accuracy. The excellent agreement between the simulation is not restricted to the profile, it also extent to the total mass which is conserved up to machine precision.
Semi-Lagrangian algorithms are composed of two main steps [16, 20, 6] : the computation of the characteristic curves, and the reconstruction step. The present work was centered on making the reconstruction step conservative. All the simulation carried out used the 2D-generalization of eq. (16) . Even though the trajectories were computed with a law order method, the algorithm can be adapted to more sophisticated methods. To do so, the trajectory in each point can be reconstructed using high order characteristics (e.g. [6] ) and the resulting displacement should be decomposed as the sum of : (i) a vector whose components are equal to an integer number of grid-steps, and (ii) a remainder vector whose components are smaller than the grid-step.
PERSPECTIVES
We have introduced a systematic approach to derive a conservative scheme without the need for a finite volume discretisation. The method has been successfully applied to semi-Lagrangian schemes, which are notorious for being very efficient, but usually not conservative. Using this method, we were able to built a third order conservative semi-Lagrangian scheme based on the scheme introduced by Dahlquist and Bjrck. The approach presented here is similar in the spirit to that introduced by Verstappen et al. in [25] to derive energy preserving schemes. They also used an adjoint formulation to derive the discrete scheme. As their concern is the conservation of energy, they insist of the skew symmetry property of the operator. We are here rather concerned with mass conservation and therefore focus on the column-balance property of the scheme.
Our approach also bears similarities with ideas introduced by Shashkov in the support operators method [19] or by Carpenter [3, 10] . It however differs from the support operator method, in that we propose an algorithm (via the discretisation of the adjoint equation) to systematically transform a non-conservative advection scheme into a continuity preserving operator.
A. CONVERGENCE STUDY
In order to illustrate the order of convergence of the conservative schemes introduced in section 3 in 2D, we perform a numerical study with varying resolution. The initial distribution takes the form cos(x + y) and the flow is uniform with u x = u y = 1. The results are illustrated in fig. 11 and in tables I and II. 
